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Abstract

In a previous paper, we defined, following a previous work of Kolvankar and
Gangal, a notion of a-derivative, 0 < o« < 1. In this article, we study o-differential
equations associated to our fractional calculus. We then discuss a fundamental problem
concerning the Schrodinger equation in the framework of Nottale’s scale relativity
theory.
© 2004 Elsevier Inc. All rights reserved.

1. Introduction

In a previous paper [3], we have introduced, following a previous work of
Kolvankar and Gangal [9], a new fractional calculus, which allows us to per-
form local analysis of non-differentiable functions. We have called o-derivative
this new notion, which can be seen as a local version of the classical Riemann—
Liouville derivative.

Many properties of the a-derivatives are given in [3], and we refer to this
article for more details about this subject.
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In this article, we study fractional differential equations associated to the o-
derivative. Such kind of equations appears in many problems. In particular, we
have find a fractional differential equation related to the classical Schrodinger
equation [4], by studying Nottale’s approach to quantum mechanics via a
fractal space—time [10].

This paper is organized as follow:

In Section 2, we recall some basic results on a-differentiability, 0 < o < 1,
introduced in [3]. In [3] a generalized Taylor expansion theorem is obtain for o-
differentiable function. The proof use the fact that I o D’ [f(x) — f(a)](x) =
f(x) — f(a), for ¢ = £, which is not true for an arbitrary function. We take the
opportunity to give a complete proof of this result in Appendix A.

Section 3 introduces fractional differential equations associated to o-differ-
entiation, and study some of their properties. Section 4 is devoted to linear
fractional differential equations. Section 5 contains fundamental results about
fractional differential equations of the form d*f(¢) = a(¢) + ib(¢), where a(?)
and b(¢) are continuous real valued functions, and d* is the «-derivative. We
prove many negative results. In particular, we prove that the fractional dif-
ferential equations d”f(¢) = a(¢) or d*f(¢) = ia(¢), 0 < o < 1, where a(f) is a
continuous real valued function, do not possess solutions.

In Section 6 we discuss the derivation of the Schrodinger equation in the
scale relativity setting of Nottale [10]. We first gives basic results about the
scale calculus introduced in [4]. We then define the scale quantization procedure
of Newtonian mechanics developed in [4] following Nottale’s approach [10]
and state the scale relativity principle. We recall that the quantized analogue of
the classical Newton equation of dynamics is a Schrodinger equation, as long
as, there exists a non-trivial solution to the fractional differential equation
d"?f (1) =ic, or d*f(1)=C, C>0, 0 <a < 1, where f(¢) is the function
describing the motion of the free particle. Using results from Section 5, we
prove that we cannot make this assumption. As a consequence, we are lead to
several new assumptions which we discuss in this paper.

2. Local fractional calculus

We refer to our paper [3] for more details and results about the notion of
a-differentiation.

2.1. Riemann—Liouville differentiability

Let f be a continuous function on [a, b]. For all x € [a, b], we define the left
(resp. right) Riemann-Liouville integral at point x by
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respectively.
The left (resp. right) Riemann—Liouville derivative at x is given by

AL ()

D; (f)(x) = Ta
drl*(H(x
D;, (1)) = T ),

Definition 1. We say that the function " admits a derivative of order 0 < o < 1
(Riemann-Liouville) at x € [a,b] by below (resp. above) if D% (f)(x) exists
(resp. if D} (f)(x) exists).

Of course, we obtain different values of the Riemann—Liouville derivative
for different values of the parameter a (resp. b). Moreover, the derivative of a
constant C € R is not equal to zero. Indeed, we have

C |
(1—a) (x—a)’
These two remarks give rise to great difficulties in the geometric interpretation
of the Riemann-Liouville derivative. In particular, there is no relationship

between the local geometry of the graph of f and its derivative, despite recent
progress [2].

D (C)) = 7

Definition 2. Let /" be a continuous function on [a, b], we call right (resp. left)
local fractional derivative of f at y € [a, b] the following quantity

%%00=ﬁml&ab0—f@m&% (1)

x—)7
for ¢ = =+ respectively.
We have the following obvious properties:
(D) (gluing) if f is differentiable at x, we have

. dl
lgrll dZCJ:(x):f'()c)7 o=+

O _ 0 forall C e Rand 6 = =+.

(Il) We have =3
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In [3], we obtain the following simplified equivalent definition of local
fractional derivatives:

Theorem 1. The (right or left) local fractional derivative of f, dLf (x) is equal to

dof  \ _ . o(f() — f(x))
o (x)—F(1+a)y1Lr£1” “yxp (2)

The proof is based on the following generalized Taylor expansion theorem
proved in [3]:

Theorem 2. Let 0 < a <1 and f be a continuous function, such that d.f(y)
exists, o0 = +. Then, we have
1 dif

T o) e ot ="+ Ro(x, ), (3)

fx)=f)+to

where lim,_ (li; (f}y)))j =0.

The proof of this theorem use the fact that the composition of the
Riemann-Liouville fractional integral and the fractional derivative of
A.f (x) = f(x) — f(a), where a is the parameter, is equal to A,/ (x), which is not
true in general. This result is implicit in [3]. As a consequence, we provide a
complete statement as well as a proof in Appendix A.

Remark 1. The Riemann-Liouville fractional derivative is not a derivation ' on
the set of continuous functions. On the contrary, the differential operators
d?/ds*, ¢ = £, is a derivation and can be considered as a solution to the
following problem:

Problem. Can we find non-trivial derivations on the set of non-differentiable
functions?

By non-trivial we understand the two following conditions:

Let /" be a continuous real valued function.

(1) The Holder regularity of f can be read on the derivative;
(i1) One can recover the local geometry of the graph of f from the data of its
derivative.

' We recall that an operator D acting on an algebra 4 is a derivation if it satisfies the Leibniz
relation D(xy) = Dx -y +x - Dy for all x,y € 4.
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Conditions (i) and (ii) are satisfied by the (left and right) local fractional
derivative. The maximal Holder regularity of a given function is recover as the
maximal order of local differentiation (see [4] for more details).

Moreover, using the local fractional derivative, we can obtain a local
approximation of the graph of f via the generalized Taylor expansion theorem.

2.2. Non-differentiability and o-derivability

Let f() be a continuous function on [a, b]. We remark that d’, f(x) # d” f'(x)
in general. In the differentiable case, we have (by (ii), Section 2.1),
d' f(x) =d' f(x). In other words, when « = 1, the non-differentiability of a
function is characterized by the existence of right and left local fractional
derivatives, which carry different information on the local behaviour of the
function. It is then necessary to introduce a new notion which takes into ac-
count these two data.

Definition 3. Let f(¢) be a continuous function on [a, b] such that d}f(y) exists
for 0 = &+ and y € [a,b]. We define the a-derivative of f at y, and we denote
d*f/de*(y), the quantity

C(‘;{ ) = % (Ci;z{ )+ cgt{ (y)) + i% <i§{ ) = (11;{ (y)>7 4)

where > = —1.

In the following, we will use the notation d*f(y) instead of d*f/d# for
shortness.

When f is differentiable, we have d'/(y) = f'(y). If f is 1-differentiable, the
non-differentiability is equivalent to the existence of an imaginary part for the
1-derivative.

Definition 4. A function f is said a-differentiable if the a-derivative exists at all
points.
We denote by %* the set of a-differentiable functions.

3. Fractional differential equations

In the following, we denote by #*, the set of continuous functions satisfying
a Holder condition | f(x) — f(¥) [<c|x—y|* ¢ > 0.
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3.1. Definitions and notations

We begin by a general remark about the terminology that we use.

Let D be a given differential operator on an algebra 4. A differential equa-
tion on 4 is an equation of the form D -x = f(x) forx €4, and f: 4 —> 4 a
fixed map. This justify the following terminology of fractional differential
equations:

Definition 5. A fractional differential equation of order o, 0 <a <1, is an
equation of the form
d*y
de

=0, ()
where y: R — R" is an o-differentiable function in the variable ¢ € R, and

f(,t): R" x R — C" is a complex valued function.
A Cauchy data for (5) is an initial condition

y(to) = 0, (6)

where )y € R" and ¢, € R.
3.2. The trivial case
We study the trivial case, i.e. fractal differential equations of the form
—=0. (7)

We first state the following trivial result:

Lemma 1. Let 0 <o <1 be given. For all functions f:R — R, such that
f €A, where 0 < o <y, we have d*f /di* = 0.

We deduce the following important result:

Theorem 3. The Cauchy problem d*y/dt* =0, y:R— R, with y(t) = w,
admits an infinite set of solutions.

Proof. The set of Holderian functions #7, y > «, belongs to the set of solutions
by Lemma 1. Moreover, the Cauchy data does not allow us to fix a particular
solution of this set. [



F. Ben Adda, J. Cresson | Appl. Math. Comput. 161 (2005) 323-345 329

2 of order

A function satisfying d*y/de* =0 is called a fixed function
0 < o < 1 in the following.

We denote by % the set of fixed functions of order 0 < o < 1.

Remark 2. The characterization of the set #* is a difficult problem. It is related
to our study of Section 5.

3.3. The general case
Using Theorem 3, we easily obtain the following result:

Theorem 4. If a Cauchy problem d*y/de* = f(¢), y(to) = yo admits a solution,
then it admits an infinity of solutions.

Proof. Let y(t7 t07y0) be a SOIution’ then j}(t7 t07y0> = y(t7 thyO) + g(t7 107)’0),
where g is a fixed function of order o such that g(#) = 0, is again a solution. As
Z* 1s an infinite set, this concludes the proof. [

This situation is very different from usual results for ordinary differential
equations where we have unicity of solutions by fixing a Cauchy data. We can
recover unicity in our case by introducing a notion of a-equivalence.

We first remark that two solutions of a Cauchy problem differs by a fixed
function.

Definition 6. Let / and g be two continuous functions. We say that f is o-
equivalent to g, and we denote f<g if and only if f — g € F*.

We easily prove that ~ is an equivalence relation.

Theorem 5. Any Cauchy problem d”y/dt* = f(¢), y(ty) = o, admits a unique
solution in €*/~.

Proof. Let y(¢) and y»(¢) be two solutions. We have y(¢) = y;(¢) — »(t) € F°.
We deduce that y;~y,. This concludes the proof. [J

We also have the following regularity result:

Theorem 6. Any solution of a fractional differential equation of order o is a
Sfunction belonging to 6°.

2 This terminology comes from the analogy existing between fixed functions and fixed points for
ordinary differential equations, from the point of view of definitions.
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4. Linear fractional differential equations
We discuss basic properties of linear fractional differential equations.

Definition 7. A linear fractional differential equation of order o, 0 < < 1,1is a
fractional differential equation of the form

o

d’y

de

where a(¢) and B(¢) are complex valued functions.
The homogeneous part of (8) is

d*y

de

= a(t)y + B(1), (8)

= a(t)y. 9)

Lemma 2. Let y; and y, be two solutions of (9). Then, Y = fy| + gy, where f and
g belong to 7, is also a solution of (9).

Proof. As f and g belong to #* we have d*f = d”g = 0. We then obtain
d*(fvi +gn) =fd"» + 3 d*f +gd*m+)r,d"g. We deduce that d*(Y)=fa(t)y +
ga(t)y»=a(t)Y, which concludes the proof. [

Lemma 3. The solutions of a linear fractional differential equation d*y = a(t)y
are given by

y(t) = k(r)e'", (10)
where k(t) € 7% and d*A(t) = a(t).
Proof. We have d*(log(y)) = (1/y)d*y. We deduce that d*(log(y)) = a(¢). Let

A(t) be such that d”4(¢) = a(¢), then log(y) = A(¢) + v(¢), where v € Z#*. Hence,
we have y(¢) = k(t)e!” with k(r) € #*. O

We also have a construction of the solutions of a non-homogeneous frac-
tional equation using a particular solution, and the general form of a solution
to the homogeneous equation:

Lemma 4. Let y, be a particular (non-trivial) solution of (8). A function y is a
solution of (8) if and only if it can take the form

Y=+ (11)

where w, is a solution of the associated homogeneous equation.
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Proof. We have d*y, = a(f)m and d"y, = a(t)y, + B(f). Hence, we obtain

d*On +3p) = a()) On +3p) + B(1).
Let y be a solution of (8). Then, we have

d*(v =) = a(t)y + B(t) — a(t)y, — B(1) = a(t)(y = 1p)- (12)

The function y — y, is a solution of the homogeneous equation. This concludes
the proof. [

In order to compute a particular solution, one must have a method similar
to the classical ‘““variation of constant” for ordinary differential equations.
Precisely, the general form of a solution for the linear equation is
y(t) = k(t)exp A(¢), where k(t) € #*. We look for a solution of the form
y(t) = c(t) exp A(t) with ¢(¢) € €*. A simple computation gives

d*c(t) = B(t) exp(—A(2)). (13)

By solving this fractional differential equation, simpler than the initial one, we
obtain a particular solution.

Theorem 7. Let y, and y, be two solutions of the fractional equations
dy =a(t)y+Bi(1) and dy=a(t)y+ B(1), (14)

respectively.
Then, y| + y, is a solution of the fractional differential equation

d"y = a(t)y + (B1(t) + Ba(1)). (15)

Proof. This is a simple computation. [

4.1. Fractional differential equations of order o +n, n € N, 0 < a < [

Let f be a differentiable function of class C". We say that " is of class C"*?,
O<a<1,if

d"f(x) = d(f ")), o=+, (16)

exists for all x € R, where ) is the n-term derivative of f.
In [3], we prove the following Taylor’s expansion theorem:
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Theorem 8. Let 0 < a < 1, f € C", then
da /" (y)

_ - f(i) (y) i n+o
S0 =100+ 3 F )+ o s lote )
+ Rs(x, ), (17)
VAT Re(xy) _
with lim,_.,. T 0, 0 =+.

We then are lead to the following notion of fractional differential equation
of order o +n, 0 < a < 1:

Definition 8. A fractional differential equation of order o + n, is an equation of
the form
otn

Y n—
dt{x+n :f(t’y7yl7"'7y( 1))7 (18)

where f is a function defined on an open set of R x R".

The classical idea is to study fractional differential equations of order o + n,
n € N by fractional differential equation of order «, but in a bigger space.
Let
d*z
Zk:@, k:l,...,n. (19)

The fractional differential equation of order o + n (18) is equivalent to

dy_
dr

We have the following result:

zZ1.

Theorem 9. Solutions y of a fractional differential equation (18) of order o+ n
are given by the solutions of the system (20).
5. About fractal differential equations of the form d*y = a(t) + ib(¢)

In this section we investigate properties of fractional differential equations of
the form
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d*y(1)
de

where a(t) and b(¢) are two real valued continuous functions defined on R.

=a(t) +1b(1), (21)

5.1. Constant fractional differential equations

Let [a, b] be a compact interval of R. If f is continuous, then, there exists at
least two points u, U € [a, b] such that

f) <f(x)<f(U) Vx € [a,b]. (22)

With these notations, we prove the following lemma:
Lemma 5. I d’ f(x) = 1 Vx € [a,b], then U = b.

Proof. If U €]a, b|, then U is a local maxima and we must have d’ f(U) < 0.
This is impossible by assumption.

If U = a, then U is such that f(U) > f(x) for all x € [a,b]. We deduce that
d’ f(a) < 0, which is again a contradiction.

If U = b, the only constraint is on the left derivative of 5, and we can have
& f(p)=1. O

Lemma 6. If d” f(x) = —1 for all x € [a,b], then U = a.

Proof. If U €|a,b[, then U must be a local maximum and we obtain a con-
tradiction. If U =05, as we have f(U)>=f(x) Vx € [a,b], we deduce
d* f£(U) = 0, which is impossible. The only possible case is then U = a. O

We deduce from these two lemmas:

Theorem 10. The fractional differential equation d*f (x) = i has no solutions for
0<a<l.

Proof. As d”f = i, we have
d’f(x)=1 and d’f(x)=-1 VxeR. (23)

Let [a, b] be an arbitrary closed interval of R. By Lemmas 6 and 5, we deduce
that U = a and U = b. Then, f is a constant function on |a, b].

If 0 < o < 1, then f is non-differentiable. As f is a constant function, it is
differentiable, in contradiction with the assumption 0 < o < 1.

If o = 1, we obtain again a contradiction. Indeed, as f is a constant function
(then differentiable), we have d' f(x) = d' f(x) in contradiction with (23). This
concludes the proof. [



334 F. Ben Adda, J. Cresson | Appl. Math. Comput. 161 (2005) 323-345

We also prove:

Theorem 11. The fractional differential equation d*f =1 has no solutions for
0<a<l.

Proof. The fractional differential equation d*f = 1 implies that
dfx)=d>f(x) =1 vxeR. (24)

We now prove that f is injective. Let x; and x, be two points of [a,b] such
that f(x;) = f(x2). Then, by the generalized Rolle theorem (see [4]), there exists
a point ¢ € [x;,x;], such that d’f(c)d”f(c)<0. This is impossible by
assumption. Then, f is injective.

As f is injective and continuous, we know that f is strictly monotone [7,
Lemma 3.8, p. 207]. By Lebesques’s theorem [8, p. 319], this function is almost
everywhere differentiable. As 0 < o < 1, this is impossible. This concludes the
proof. [

Theorems 10 and 11 allow us to prove:

Theorem 12. Fractional differential equations of the form d°f = a(t) and
d*f =ia(t) where a(t) belongs to €, y > o, and such that a(t) # 0, have no
solutions.

Proof. Let f be a solution of d*f = a(¢). Then, the function f(¢)/a(z), which is a
well-defined function because a(f) # 0, is a non-trivial solution of d*y =1,
which is impossible by Theorem 11.

Indeed, we have d*(f(¢)/a(t)) = (d*f - a(t) — £(t) - d*a) /d*(¢). As a(t) € €,
and y > a, we deduce that d”a = 0. Hence, we obtain d*(f/a) = 1.

In a similar way, we prove that d*f = ia(¢) has no solutions. [

Along the same lines, we prove:

Lemma 7. The fractional differential equation d*f(x) = 1 + i has no solutions if
0<a<l.

Proof. As d*f = 1 + i, we deduce that
dif(x)=2 and d’f(x)=0 VxeR. (25)

Let [a, b] be a closed interval of R. As d’ f(x) = 2 on [a,b], we have U = b. Let
u €la,b[ be a global minimum of f on [a,b], then f(x) = f(u) Vx € [a,b].
Hence, there exists xo € [a,u[ and J > 0 such that f(xp) = f(x) Vx € [xp, X0 + I[.
This implies d’ f(xo) <0, which is impossible by assumption. Then, we have
u = a. We prove, along the same line as the proof of Theorem 11, that f is
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strictly increasing, and as a consequence, derivable almost everywhere by Le-
besque theorem. As 0 < a < 1, we have a contradiction. This concludes the
proof. [

We deduce from Lemma 7:

Theorem 13. Fractional differential equations of the form d”f(¢) = a(¢)(1 +1),
with a(t) # 0Vt € R and a(t) € F°, have no solutions for 0 < o < 1.

Proof. Let f be a solution of d*f(¢) = a(¢)(1 +1), then d*(f/a) = (1/a)d"f+
fd*(1/a). As a € #*, we have d*(1/a) = 0. Hence, we obtain d*(f/a) = 1 + 1.
By Lemma 7, this equation has no solutions. This concludes the proof. O

5.2. A conjecture

All our results leads to the following conjecture:

Conjecture. Fractional differential equations of the form d*f(t) = a(z) + 1b(¢),
0 < a < 1, where a(t) and b(t) are continuous functions, have no solutions.

Remark 3. The fractional differential equations that we have up to now con-
sidered are strongly constrained. Indeed, we assume that the order of fractional
differentiation is constant, which is a strong assumption on the Holderian
behaviour of the possible solution (this means that the solution has a uniform
Holder exponent, using results from [3]).

We can generalize our definition, by assuming a non-uniform Holderian
behaviour. We are lead to consider fractional equations of the form

d*Of = a(r) + ib(2), (26)
where o(¢) is a continuous (or not) real valued function, such that 0 < o(¢) < 1.

We refer to [14] for a first approach to fractional differentiation of variable
fractional order.

6. About the Schrodinger equation

The Schrodinger equation control the dynamical behaviour of quantum
particles. It can be obtained by the quantum mechanics formalism. Following
an idea of Nottale [10], we have proved [4], introducing a new kind of differ-
ential calculus, called the scale calculus, that the Schrodinger equation is the
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classical Newton equation of motion but for a free particle on a fractal space—
time.

6.1. Reminder about the scale calculus

The scale calculus generalize the classical differential calculus by introducing
a notion of minimal resolution.

Let f be a continuous real valued functions. We define in [4] a real number
1(f) called the minimal resolution of f, such that 7(f) = 0 for an everywhere
differentiable function and 7(f) > 0 for an everywhere non-differentiable
function.

We then introduce left and right quantum derivatives of f at point ¢ as

Oof (o f(6) = f(t+oh)
0= i o PO

o==. (27)

We note that when f is differentiable, then 7(f) = 0, and we recover the
classical left and right derivatives.

The scale derivative of f at point ¢ combines these two quantities in such a
way that we recover the classical derivative when f is differentiable:

Lo =3[+ |- (29)

Ot 2| O¢ Ot Ot Ot

We can extend this definition to complex valued functions as follow.

Let f be a complex valued continuous function. We denote by Re(f) and
Im(f) the real and imaginary part of f which are real valued continuous
functions. The scale derivative of 1 is defined as

Of  ORe(f) .OIm(f)
- o Yo (29)

Remark 4. The extension of the scale calculus to complex valued functions is
not trivial (as in the case of local fractional calculus) as it mixes complex terms
in a complex operator.

The main formula that we use in the following is (see [4] for a proof):
Let X(¢) be in 4"/, and C(X,1) be a C? complex valued function. The scale
derivative of 4(¢) = C(X(¢),t), is given by

D¢ xo¢ 1 06 0%

O o 2Vt (30)
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where

a(t) = ((di/zxmf - (d“zx(r)f) _ i((di/zxmf + (dx())” ) (31)

2 2

6.2. The scale quantized Newton equation and the Schrodinger equation

Classical mechanics is based on the Lagrangian formalism for the Newton
equation of dynamics. Let x(¢) be the trajectory of a point-mass of mass m in a
given potential U(x,¢). The classical Lagrangian associated to the dynamics of
xis

LI
L(x,v,1) = 5 mo + Ul(x, 1), (32)
where v is the classical speed of x given by v = dx/dr.

We obtain the Newton equation of dynamics by writing the Euler-Lagrange
equation associated to L:

d /oL oL

dt(6v> o (33)
The scale relativity principle developed by Nottale [10] implies that the Newton
equation of dynamics is related to a quantum analogue by the following
quantization procedure:

Scale quantization principle: The equation of dynamics keep the same form,

but the trajectories belongs to %'/> and the classical time derivative 0/0t is
replaced by the scale derivative (/.
Remark 5. Our assumption that quantum trajectories belongs to %'/? is based
on Feynman—Hibbs [6] characterization of typical paths of quantum mechanics
(see Section 6.4). Moreover, the Heisenberg uncertainty relations which implies
that the Hausdorff dimension of a quantum mechanical path is 2 (see [1]), is
consistent with this assumption.

As a consequence, if we denote by Q(-) the map associating to each variable
or differential operator its quantum counterpart, we have the following rules:

(i) xeC, X =0(kx) e %"?
(i) v e R, v =dx/ds, and ¥V = Q(v) € C, V = 0OX /T,
(i) t € R, t = 0(1).

Remark 6. The last condition meaning that we have not assume that the time
variable is itself a fractal variable.
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As a consequence, the classical Lagrangian L(x,v,¢) has the following
quantum analogue:

L(X,V,t) = %sz + U(x,1). (34)

Of course, by definition of V, the quantum Lagrangian % is a complex valued
function.
The quantized Newton equation of dynamics is given by:

1 Ov oUu

A classical notion associated to Lagrangian mechanics is the action, denoted
by A(x,t), and associated to v by the formula

04
=—. 36
mv o (36)
We denote by .«/(X,¢) the quantum analogue of 4. We then have
0o/

A basic consequence of the non-differentiability of X being the complex nature
of 7, we introduce a complex valued function (X, ¢) defined by

1o/
X, t) = 38
b =exp (50 ) (39)
where y € R is a normalization constant. The function ¥ is the well-known
wave function.

Remark 7. In quantum mechanics the wave function is introduced by hand. In
the context of the scale relativity theory the wave function is only a reflection of
the loss of differentiability of the space-time structure via the complex nature
of the speed V.

Using the wave function, we can express the quantum speed V' as
oln(y)
ox

The quantized Newton equation of dynamics (35) written in term of  is given
by:

V =—i2y

(39)

. g/ o oU
21ymﬁ (ﬁ(ln(w))> =3 (40)
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Using formula (30) for the complex valued function

oln(y)
o (X)), (41)

we prove in [4] that the quantized Newton equation is equivalent to the fol-
lowing generalized non-linear Schrodinger equation [4, Lemma 6, Section 5.2]:

0 Oln My 1
_12ym<1/+(7))<%) 7 — +1i2y atlp—f— lya ()aXlZJZU(X,t)—i—cx(X),

€(t) =

(42)

where

_(W@PX@) (X)) (4P (0) + (42X ()
a(t) = 3 —1 3 ,

(43)

and «(X) is an arbitrary continuous function.
It is possible to obtain the classical linear Schrodinger equation by impo-
sition a condition on the value of a(¢) [4, Corollary 1]:

Corollary 1. If the function X (t) is such that

a(t) = —i2y, (SC)
then Eq. (42) takes the form
oy Oy
12ym— ot 2y? mars = (D + a(X))y. (44)
We can always choose a solution of (44) such that o(X) = 0. In this case, when
h
where h is the Planck constant, we obtain the classical Schrodinger’s equation
_oy W Y
ha ek Y. (46)

We call condition (SC) the Schrodinger condition in the following.

6.3. The Schrodinger condition and fractional differential equations

From (43), we deduce that the Schrodinger condition (SC) is equivalent to
(d2x (1) = (d"2x (1)), (47)
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and

(dX(6)* =27, (48)
Hence, we are lead to the following problem:
Problem. Does there exist a continuous function satisfying

(d}2X(n)" = (d7x (1) = C, (49)
where C > 0 is a constant.

Using results from the previous section, we prove the following theorem:

Theorem 14. For all 0 < o < 1, the fractional equation

(d2X (1) = (d*X(1)* = b(), (50)

where b(t) = 0 is a continuous function, has no solutions.

Proof. This follows easily from Theorem 12. Indeed, we have only two cases to
consider:

() d1X (1) =d>X(1) = £+/b(1),
(i) d7X(t) = —d* X(1) = £+/b(1).

For (i), we obtain d"X (t) = +2+/b(¢) and for (ii), we have d“X(¢) = +i2+/b(¢).
By Theorem 12, as /b(¢) is again a continuous function, we have no solutions
to (50). O

6.4. Feynman—Hibbs characterization of quantum paths and generalized
Schrodinger equations

As a consequence of Theorem 14, we cannot assume that a(¢) satisfies the
Schrodinger condition (SC). This means that, in the scale relativity point of
view, the equation of motion of a free particle is a generalized form of the
Schrodinger equation, like (49).

In the following, we precise the form of (49) by exploring the most general
form which can be assumed for a(z), compatible with standard results of
quantum mechanics.

In [6], Feynman and Hibbs characterize typical paths of quantum
mechanics. They prove that they are continuous everywhere non-differentiable
curves for which a quadratic velocity can be defined. In our framework, the
Feynman—Hibbs characterization of quantum trajectories is then defined by:
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Feynman—Hibbs characterization: A function X (¢) is said to satisfy the
Feynman-Hibbs condition if

lim (X (e + h)h—X(f))2 ~ lim X (1) —)2(! - )’ .

(FH)

The Feynman-Hibbs condition (FH) has important implications in our
framework.

Lemma 8. If X € "% and X satisfies (FH) then
(dY2x (1) = (@x (1)), (51)
and the most general form for the Schrodinger condition consistent with (FH) is
a(t) = —ib(e, X (1)), (GSC)

where b(t,X) is a positive definite arbitrary function.

Proof. As X(¢) is 1/2-derivable, then by the generalized Taylor theorem [3],
we have

(X(t+ h) = X (1)) = (42X (6)%h + o(h),
(X(1) = X(t —h))* = (d"X(2))’h + o(h).
As X satisfies (FH), we deduce that (dfr/ 2X(1)) = (d"2x (1))
By definition of a(¢), we have under condition (FH)
a(t) = —i(d}*Xx (¢)). (53)

As a consequence, the most general form of the Schrodinger condition is
a(t) = —ib(t,X(t)), where b(¢,X) is a positive definite function. This concludes
the proof of the lemma. [

(52)

The generalized Schrodinger condition (GSC) implies that we must study
the following fractional differential equations:

(42X (0)" = (d2X (1)) = (e, X (1)), (54)

where b(z,X) is a positive definite function.
Several cases must be considered.

6.4.1. Independence
If & is independent of X, i.e. b(¢,X) = b(¢), we have the following possibil-
ities:

(1) b(¢) is a continuous function;
(if) b(z) is discontinuous;
(ii1) mixing of continuity and discontinuity;



342 F. Ben Adda, J. Cresson | Appl. Math. Comput. 161 (2005) 323-345

Case (i) is impossible. Indeed, the Theorem 14 applies, and we have no
solutions to the fractional differential equation (54).

Case (i) cannot be avoid. However, we have strong constraints for the
function b(#) coming from physics.

Indeed, the Schrodinger equation is a well-established equation of physics
for the dynamics of quantum particle in the non-relativistic case, in agreement
with experimental results. As a consequence, the function b(¢) must satisfy the
following reality condition:

| b(t) —h/m | <e, (R)

where 0 < € < 1 is small parameter.

Indeed, even if the function b(¢) is discontinuous, we cannot allow large
fluctuations with respect to the value i/m leading to the classical Schrodinger
equation in Eq. (42).

Then, we are lead to consider fractional differential equations of the form

(d2X (1)) = (42X (1))’ = h/m + eP(1), (55)

where 0 < € < 1 is a small parameter and P(¢) is a discontinuous function such
that h/m + eP(t) > 0.

For the same reasons as case (ii), (iii) leads to the study of fractional dif-
ferential equations of the form (55).

Assuming that the fractional differential Eq. (55) has a solution, we obtain
the following form for the generalized Schrodinger equation, compatible with
the Feynman—Hibbs condition (FH) and the reality condition (R):

Oy Y
ih+ 2— o5+ 2t )) = UV, (56)

where the perturbation £ is given by

(o) = <>[2X”ﬁ n(5r) H (57)

Many works deal with generalization of the classical Schrodinger equation by
adding non-linear terms in order to solve some specific problems of quantum
mechanics such as the collapse of the wave function (see [11,13] for example) or
the cat paradox. However, the non-linear terms are in general ad hoc and
justified a posterior.

In our case, the non-linear Schrodinger Eq. (56) has a specific non-linear
term (57) which is fixed by the Feynman—Hibbs condition, the reality condition
and the scale quantization procedure coming from the scale relativity theory of
Nottale [10].
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It will be interesting to exhibit new phenomenon associated to this non-
linear term.

6.4.2. Dependence

If b is dependent of X (¢), we cannot conclude. As in the previous paragraph,
we must satisfy the reality condition. As a consequence, we are lead to consider
a generalized non-linear Schrodinger equation of the form (56), with a non-
linear term given by (57) where P(¢) is replaced by a composed function

P(t,y(1)).
6.5. Further generalizations

Up to now, we have considered fractional differential equations with a
constant order of differentiation. From the physical view-point, this comes
from the Feynman—Hibbs condition (FH) which implies that this order is 1/2.
However, this is an averaged value. As a consequence, a better characterization
of quantum paths is the following:

Absolute Feynman—Hibbs characterization: A function X (¢) is said to satisfy
the absolute Feynman—Hibbs condition if

o U = )

h—0 h

exists, (58)

where 0 < € < 1 is a small parameter and p(¢) is continuous function such that

p(t) = 3 /tt ep(s) ds =0. (59)

Remark 8. This assumption is consistent with the special scale relativity theory
(see [5,10]). A prediction of this theory is that quantum mechanical paths must
have a variable fractal dimension (see [15]). As a consequence, we have ([4,
Theorem 2.4] and [15]) a variable Holderian exponent which gives a variable
order of differentiation.

In this case, the non-linear Schrodinger equation is more complicated and
we are lead to consider fractional differential equations with a variable order of
differentiation (see [14] for a first approach). It will be interesting to write a
detailed analysis of this case.
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Appendix A. A technical lemma

In [3], we have implicitly used the fact that
Igg 0 Do lf(x) = f(a)](x) = f(x) = f(a), (A1)

in the proof of the generalized Taylor theorem in [3]. This result is not true if
we replace f(x) — f(a) by an arbitrary function. However, in our case, a special
phenomenon occurs.

Lemma 9. Let f be a continuous function, 0 < oo < 1 and a € R be a given real
number. We denote by Af (x) the difference A,f(x) = f(x) — f(a). We have

I3, 0D} [Adf](x) = Auf (x), (A.2)
for o =+.

Proof. If F(z) is an arbitrary continuous function, then we have (see [12, p. 71,

2.113)]):

(x _ a)%l
=T
Podlubny has proved (see [12, p. 75, (2.128) and (2.130), and Section 2.3.7])
that if 0 < o < 1, then the condition

oo F(x)],—y =0 (A-4)

I3, 0 D F(x) = F(x) = [[,;"F (x)] (A3)

is equivalent to
F(a) = 0. (A.5)

In our case this is trivial because A,f(a) = 0. As a consequence, using (A.3)
with F(x) = A,f(x), we obtain

1:,0 o DZ,(I Aaf(x) = Aaf(x) D (A6)

References

[1] L. Abbott, M. Wise, Dimension of a quantum mechanical path, Am. J. Phys. 49 (1) (1981).

[2] F. Ben Adda, Geometric interpretation of the fractional derivative, J. Fract. Calc. 11 (1997)
21-51.

[3] F. Ben Adda, J. Cresson, About non-differentiable functions, J. Math. Anal. Appl. 263 (2001)
721-737.

[4] F. Ben Adda, J. Cresson, Quantum derivatives and the Schrodinger equation, Chaos, Solitons
and Fractals 19 (2004) 1323-1334.

[5] J. Cresson, Scale relativity for one dimensional non differentiable manifolds, Chaos, Solitons
and Fractals 14 (4) (2001) 553-562.



F. Ben Adda, J. Cresson | Appl. Math. Comput. 161 (2005) 323-345 345

[6] R. Feynman, A. Hibbs, Quantum Mechanics and Path Integrals, MacGraw-Hill, 1965.
[7] E. Hairer, G. Wanner, Analysis by its History, in: Reading in Mathematics, Undergraduate
Texts in Math, Springer, 1996.
[8] A. Kolmogorov, S. Fomine, Elements de la Théorie des Fonctions et de 'analyse Fonctionelle,
Ed. MIR, Moscou, 1977.
[9] K. Kolvankar, A.D. Gangal, Local fractional derivatives and fractal functions of several
variables, Fractal Eng. (1997).
[10] L. Nottale, Fractal Space—Time and Microphysics, World Scientific, 1993.
[11] M. Pardy, To the nonlinear quantum mechanics, preprint 2002. Available from <arxiv:quant-
ph/0111105>.
[12] I. Podlubny, Fractional Differential Equations, in: Mathematics in Science and Engineering,
vol. 198, Academic Press, 1999.
[13] W. Puszkarz, On the Staruszkiewicz modification of the Schrodinger equation, preprint 1999.
Available from <arxiv:quant-ph/9912006>.
[14] S. Samko, B. Ross, Integration and differentiation to a variable fractional order, Integral
Transforms Special Funct. 1 (4) (1993) 277-300.
[15] C. Tricot, Courbes et Dimensions Fractales, second ed., Springer, 1999.



	Fractional differential equations and the Schro&uml;dinger equation
	Introduction
	Local fractional calculus
	Riemann-Liouville differentiability
	Non-differentiability and alpha-derivability

	Fractional differential equations
	Definitions and notations
	The trivial case
	The general case

	Linear fractional differential equations
	Fractional differential equations of order alpha+n, n&isin;N, 0&lt;alpha&lt;1

	About fractal differential equations of the form dalphay=a(t)+ib(t)
	Constant fractional differential equations
	A conjecture

	About the Schro&uml;dinger equation
	Reminder about the scale calculus
	The scale quantized Newton equation and the Schro&uml;dinger equation
	The Schro&uml;dinger condition and fractional differential equations
	Feynman-Hibbs characterization of quantum paths and generalized Schro&uml;dinger equations
	Independence
	Dependence

	Further generalizations

	Acknowledgements
	A technical lemma
	References


