Hamiltonian Chaos

Jacky Cresson

Université de Franche-Comté, Equipe de Mathématiques de Besançon, 16 route de Gray, 25030 Besançon cedex, France.

e-mail: cresson@math.univ-fcomte.fr

Abstract. We describe a new mechanism of instability for three degrees of freedom initially hyperbolic Hamiltonian systems. It is based on the specific geometry of simple resonances and the transversality-torsion phenomenon. It provides a solution to the gaps’s problem occuring in the Arnold’s mechanism of instability. We discuss the relevance of this work with respect to the Arnold’s conjecture about topological instability of nearly integrable Hamiltonian systems.

Key-words. Hamiltonian systems, KAM theory, invariant manifolds, instability.

I INTRODUCTION

We consider a near-integrable Hamiltonian system with n degrees of freedom governed by the real analytic Hamiltonian H(I, θ, ϵ) = h(I) + ϵf(I, θ, ϵ), (1) with the action-angle variables (I, θ) ∈ R^n × T^n, where T = R/2πZ. For ϵ = 0, the system is integrable and the phase-space is foliated by n-dimensional (Lagrangians) tori. The K.A.M. (Kolmogorov-Arnold-Moser) theory states that under the non degeneracy of h (| ▽^2h |≠ 0), there remain many n-dimensional Lagrangian tori invariant under the flow which are slight deformation of the initial tori (I = I_0) located in a nonresonant area. For n = 2, this result implies the stability of the action variables over infinite time. For n ≥ 3, this does not prevent a drift of the orbit over a large part of the phase space in the perturbed system because the complement of the invariant tori is a connected set.

KAM theory refutes the ergodic hypothesis, according to which any neighborhood of Hamiltonians contains a Hamiltonian with ergodic flow on most of its energy surfaces. In the C^r topology with r > 2n + 2, this obiously not true.

For the dynamics in the complement of the KAM tori, we have the following conjecture of Arnold [2] : Let n ≥ 3 and consider the space C^ω(R^n, R) as the space of completely integrable Hamiltonians on the cotangent bundle T^∗T^n = T^n × R^n depending only on the action coordinates and endow these space with their natural C^k, k ≥ 2 topology.

Asymptotic instability conjecture. - There exists an open and dense set D in the space C^ω(R^n, R) such that for every Hamiltonian H ∈ D, and for every regular value h ofH, for every pair O_1, O_2 of open sets in a connected component of H = H^{−1}(h) invariant under the flow defined by H, there exists a neighborhood B of H in C^ω(T^∗(T^n), R) and a residual set R in B such that for every K ∈ R, there exists an orbit γ of the system defined by K which intersects O_1 and O_2.

We stress that this conjecture is asymptotic which means that the topological instability which is called for, always occures if ϵ ≠ 0, despite the metric stability given by the K.A.M. theorem.

This conjecture follows a first example of Arnold [3], where he constructs a three degrees of freedom nearintegrable Hamiltonian system which satisfies the assumptions of the K.A.M. theorem, but for which an instability of the action variables of order 1 occures. Arnold’s example gives a first mechanism in order to prove his conjecture, based on hyperbolic tori along a simple resonance, connected by heteroclinic orbits, called a chain. Under a topological assumption on the dynamics near each torus of the chain, known as the obstruction property, he proved the existence of orbits of drift which connect the two extremal tori of the chain. We will call this mechanism, the Arnold’s mechanism.

The existence of hyperbolic tori along simple resonance of near-integrable Hamiltonian systems has been proved by many authors and is known as hyperbolic K.A.M. theory. In order to apply Arnold’s mechanism we must connect them via heteroclinic orbits. But, the hyperbolic tori that we construct are “too far” from each others with respect to there possible connecting neighborhood. This difficulty is known as the gaps problem. It already occures in the initially hyperbolic setting (also called a priori instable by Chierchia-Gallavotti [6]).

In this paper, we describe a new mechanism wich allows us to solve the gaps problem for a three degrees of freedom initially hyperbolic Arnold’s model. We discuss the relevance of this work with respect to the Arnold’s conjecture. All our methods are geometrical.

The idea is to construct a “skeleton” for drifting orbits based on Birkhoff unstable orbits and transversal homoclinic hyperbolic tori. A key result is that a transversal homoclinic hyperbolic torus with an ergodic flow generates complete hyperbolicity. We are then reduce to a problem of hyperbolic dynamics for which many tools already exist, the main one being the shadowing lemma ( [1], [39]).

We refer to Xia [41], for a different approach based on Aubry-Mather sets and variational methods developed by J. Mather [30], and to the work of R. Douady [13] for a discussion of the Arnold’s conjecture in the C^∞ class.

In the following, f(x; y) (resp. O_n(x; y)) means a function of the argument x with the parameter y (resp. a function of the order of ‖ x ‖^n parametrized by y).

II HYPERBOLIC TORI AND TRANSITION CHAIN

We recall basic results about hyperbolic tori and transition chain [3].

A Hyperbolic tori

Let (M, Ω) denote a 2n-dimensional smooth symplectic manifold and H a C^r function (r ≥ 2). We denote by X_H the Hamiltonian vector field associated to H and defined by i_{XH} Ω = −dH (where i_{XH} Ω is the interior product of Ω by X_H ), and by Φ the local flow of X_H . We denote by Φ_t the time-t diffeomorphism associated to Φ and ϕ the time-one map Φ_1.

Let f be a C^r , r ≥ 1 diffeomorphism of a C^∞ manifold M which leaves invariant a compact C^r submanifold V of M . Given a Riemannian metric ‖ ‖ on M , and a subbundle E of T_V M invariant under T f, we denote by B_a(E) the unit ball in the fiber E_a, for a ∈ V , and write : M (T f_{|E} ) = sup{‖ T_af_{|E} ‖, a ∈ V }, m(T f_{|E} ) = inf{σ(T_af_{|E} ), a ∈ V }, (2) where σ(T_af_{|E} ) = inf{‖ T_af(u) ‖, u ∈ B_a(E)}, and ‖ T_af_{|E} ‖= sup{‖ T_af(u) ‖, u ∈ B_a(E)}. Following [25], we define hyperbolic tori as :

Definition 1 Let k ∈ N, k ≥ 1. An invariant torus T ∈ M is said to be k-hyperbolic if there exists a continuous decomposition T_T M = E^+ + E^0 + E^− and a Riemannian metric ‖ ‖ on M such that :

(i) dimE^+ = dimE^− = k , (ii) the tangent bundle of T is contained in E^0, (iii) M (T ϕ_E+ ) < 1, m(T ϕ_E− ) > 1, (iv) M (T ϕ_E0 ) = m(T ϕ_{E0} ) = 1.

Hyperbolic tori are usually obtain along 1-fold resonance surfaces [38]. We call such hyperbolic tori, KAM hyperbolic tori. In this case, there exists an analytic symplectic coordinate system (I, θ, s, u) ∈ R^n×T^n ×R×R in a neighborhood of T in which the system takes the form : H(I, θ, s, u) = ωI + 1 2 I^2 + λsu + g(θ, I, s, u), (3) where ω is a diophantine vector in R^2, 0 < λ < 1 and g = O_3(I, su; I, s, u, θ).

Assume that ω_n ≠ 0, then the submanifold L defined by θ_n = 0 is transverse to the flow generated by the vector field X_H , in a neighborhood of T . There exists ( [26], [7]) a coordinate system (θ, I, s, u) on S such that the first return map is given by f(θ, I, s, u) = (θ + ν + ωI, I, λs, λ^{−1}u) + r(θ, I, s, u), (4) with r = O_2(I, su; I, θ, I, s, u), ν diophantine and ω ≠ 0 (definite torsion).

For non-KAM hyperbolic tori, the normal form (3) is no longer valid. Nevertheless, there exists [25] a symplectic coordinate system (I, θ, s, u) ∈ R^n × T^n × R× R such that the torus T is given by T = {I = 0, u = s = 0}, its invariant manifolds by W^s(T ) = {I = 0, u = 0} and W^u(T ) = {I = 0, s = 0} and the Hamiltonian takes the form H(I, θ, s, u) = C(θ)I + IA(θ)I + λ(θ)su + g(I, θ, s, u), (5) where C, A and λ are of class C^r, g = O_3(I, u, s; θ) with ∂_θg = 0 on T , ∂_sg = 0 on W^s(T ) and ∂_ug = 0 on W^u(T ).

B Obstruction property and transition chains

Definition 2 (Obstruction property) A hyperbolic torus possesses the obstruction property if all invariant submanifold V of H such that V and W^s(T ) intersect transversally, satisfy W^u(T ) ⊂ V .

A hyperbolic torus satisfying the obstruction property is called a transition torus.

Definition 3 A transition chain is a finite family (T_i)_{i=1,...,N} of transition tori such that W^s(T_{i+1}) and W^u(T_i) intersect transversally for i = 1, . . . , N − 1.

The main property of transition chain is [3] :

Theorem 1 Let (T_i)_{i=1,...,N} be a transition chain, and U_1, U_N two arbitrary neighborhoods of T_1 and T_N . There exists an open set of orbits γ(t) such that γ(0) ∈ U_1 and γ(T ) ∈ U_N .

Proof. - By definition 3, W^u(T_1) and W^s(T_2) intersect transversally. As T_2 is a transition torus, we deduce from definition 2, that W^u(T_1) ⊂ W^u(T_2). By induction, we obtain W^u(T_1) ⊂ W^u(T_N ). Then, for each point z ∈ W^u(T_1) ∩ U_1, the orbit of z under X_H , denoted γ(z) intersect with U_N . □

C Arnold’s web

We denote ω(I) = ∂H_0 ∂I (I).

Definition 4 Let k ∈ Z^n \ {0}, the set of points I ∈ R^n such that k.ω(I) = 0 is called the 1-fold resonance surface defined by k.

We consider the frequency map defined by ω : R^n → RP^{n−1}, I → ω(I) = (ω_1(I), . . . , ω_n(I)). (6) The set of all 1-fold resonance surfaces (called Arnold’s web or stochastic web in the physical litterature), denoted R_1, is the preimage of the rational hyperplan of RP^{n−1} by the frequency map.

If n = 2, resonances correspond to rational point on the projectiv line. The situation change if n > 2 : Lemma 1 If n > 2, R_1 is connected and dense on π_I (H).

Let I, I^′ ∈ π_I(H), and V (I), V (I^′), two arbitrary neighborhoods of I and I^′ in π_I (H), there exists a path γ in R_1 such that γ ∩ V (I) ≠ ∅ and γ ∩ V (I^′) ≠ ∅.

Arnold’s idea was to construct transition chain along R_1 [3]. If such a construction is possible then the topological instability conjecture follows from theorem 1. But, as proved in section V, transition chains don’t exist in general.

III MAIN RESULT

Let 0 < ϵ and 0 < μ << 1, the 3 degrees of freedom initially hyperbolic Arnold’s model is defined by H_{ϵ,μ}(I, p, θ, q) = 1 2 I^2 + 1 2 p^2 + ϵ(cos(q) − 1) + ϵμf(θ, q), (7)

where I = (I_1, I_2) ∈ R^2, θ = (θ_1, θ_2) ∈ T^2, p ∈ R, q ∈ T^1 and f(θ, q) is an analytic function with Fourier expansion f(θ, q) = ∑ k=(k_1,k_2) f_ke^{i(k1θ+k2 q)}. (8)

Let h ∈ R^+, h > 0 be a given energy and denote H = H^{−1}_{ϵ,μ} (h) the corresponding energy level. We denote by R the set defined by R = {(I, p, θ, q) ∈ R^2 × R × T^2 × T^1 | p = q = 0, (I, θ) ∈ H}, (9) when μ = 0.

The Hamiltonian (7) is a model for global dynamics near a simple resonance if μ = ϵ^k, with k ∈ N^∗ sufficiently large and 0 < ϵ << 1. In order to avoid a difficult singular perturbation problem, we assume μ independant of ϵ. A first step toward the Arnold’s conjecture in this setting is then to prove :

Hyperbolic instability conjecture. - We denote by π_I the canonical projection of R^n × T^n into R^n. For a “generic” analytic perturbation f, there exists μ_0 > 0 such that for 0 < μ < μ_0 and each point I, Ĩ in π_I (R) and every neighborhood V (I), V (Ĩ) of this two points, we can find a solution of the system γ(t) such that γ(0) ∈ V (I) and γ(τ ) ∈ V (Ĩ) with | I − Ĩ |> δ, δ ∈ R^∗ a constant independant of μ.

In section IV, we prove that R is hyperbolic and foliated by hyperbolic tori (lemma 2). When μ ≠ 0, this set persists (it is denoted R_μ) and KAM-hyperbolic as well as non-KAM hyperbolic tori exists (lemma 3 and 10).

Our main result is :

Theorem 2 We assume that f is such that :

(i) Each non-KAM hyperbolic torus possesses a normal form given by (3) and ν in (4) is irrational. (ii) Each hyperbolic torus is such that its stable and unstable manifold intersect transversally in H.

(iii) A technical assumption about the dynamics in the complementary of hyperbolic tori on R_μ, detailed in equation (33).

Then, there exists for μ sufficiently small and each point I, Ĩ in π_I (R) and every neighborhood V (I), V (Ĩ) of this two points, a solution of the system (7), γ(t), such that γ(0) ∈ V (I) and γ(τ ) ∈ V (Ĩ) with | I − Ĩ |> δ, with δ ∈ R^+_∗ a constant independant of μ.

The proof is given in section VII. All our methods and ideas extend to three degrees of freedom nearintegrable Hamiltonian systems [11]. The method of proof follows ( [1], [14], [15]).

We make some comments about our assumptions :

The first part of assumption (i) is here only to simplify some estimates in the proof of the theorem. We conjecture that our work remains valid with the weaker normal form (5).

The second part of (i) is fundamental and can’t be avoid in our construction. As proved by Herman [19], one has generically a Liouville rotation numbers (see also [29]). We stress that it is important to work with analytic Hamiltonian systems in order to avoid Denjoy counter examples [40]. We refer to [18], [19] for complicated dynamics associated to C^∞ exact symplectic diffeomorphism of T^∗(T^n).

We conjecture that assumption (ii) is generic for a suitable analytic topology (for example, the exponentially weighted norm [35]).

Assumption (iii) is more delicate. See comments below equation (33) for details.

A main property of our model Hamiltonian (7) is that it has definite torsion. It is fundamental in our approach since it implies ω ≠ 0 in (4). This assumption, coupled with (ii), gives rise to a (complete) hyperbolic dynamics in the neighborhood of each torus (which only posess a partial hyperbolic dynamics). We refer to [20] for dynamics connected with indefinite torsion.

IV GEOMETRY OF A SIMPLE RESONANCE

We refer to ( [22], [39]) for basic results about hyperbolic sets.

For ϵ = μ = 0, the phase space is foliated by invariant tori of dimension 3.

For μ = 0, we have a decoupled product of a pendulum^1_2 p^2 + ϵ(cos(q) − 1) with 2 rotators^1_2 I^2. For 0 ≤ J ≤ √ 2h, we define

T_J = {(I, p, θ, q) ∈ R^2 × R × T^2 × T^1 | p = q = 0, I_1 = J, I_2 = √ 2h − J, θ ∈ T^2}, (10) and ω(J) = (J, √ 2h − J). We have [10] :

Lemma 2 The set R is hyperbolic and foliated by 2 dimensional hyperbolic tori T_J , 0 ≤ J ≤ √ 2h. Moreover, the dynamics on R is governed by the completly integrable Hamiltonian system H_r(I, θ) = 1 2 I^2, I ∈ R^2, θ ∈ T^2.

Using the hyperbolic continuation theorem [39], we obtain [10]:

Lemma 3 For μ ≠ 0, the set R persists. We denote R_μ this set. The dynamics on R_μ is conjugated to a 2 degrees of freedom near-integrable Hamiltonian system H_{r,μ}(I, θ) =^1_2 I^2 + μg(I, θ), I ∈ R^2, θ ∈ T^2.

We can precise the geometric structure of R_μ, using hyperbolic KAM theory. We denote

Ω_{γ,τ} = { ω ∈ R^2, | ω.k |> γ| k |_τ , ∀k ∈ Z^2 \ {0} } , (11)

where | k |= k_1 + k_2 for k = (k_1, k_2).

Lemma 4 For 0 ≤ J ≤ √ 2h such that ω(J) ∈ Ω_{γ,τ} , the hyperbolic torus T_J persists.

Hyperbolic tori given by lemma 4 are called KAM-hyperbolic tori in the following.

V GAPS PROBLEM

We denote by L the Lebesgue measure and G the complement of the set of KAM hyperbolic tori T_{KAM} in R. We have ( [35], [33]) :

Lemma 5 L(G) = O( √ μ). The set G is called the gaps set. In order to apply Arnold’s mechanism, one usually wants to connect different tori in T_{KAM} . Lemma 5 gives the greatest “gaps” between two tori of T_{KAM} .

A Connecting neighborhood

Let T ∈ T_{KAM} , there exists ( [38], [17], [37]) a parametric representation of W^s(T ) and W^u(T ) given by, for ρ > 0 small enough :

W^s_ρ (T ) = { (θ, q, I^s(θ, q), p^s(θ, q), θ ∈ T^2, q ∈]ρ, π + ρ[ } , W^u_ρ (T ) = { (θ, q, I^u(θ, q), p^u(θ, q), θ ∈ T^2, q ∈] − π − ρ, ρ[ } , (12)

for suitable functions I^{s,u}, p^{s,u}.

As usual, we define a section S of W^s_ρ (T ) and W^u_ρ (T ) by q = π. We denote by w^s (resp. w^u) the representation of W^s(T ) (resp. W^u(T )) in S :

w^s = { (θ, π, I^s(θ, π), p^s(θ, π)), θ ∈ T^2 } , w^u = { (θ, π, I^u(θ, π), p^u(θ, π)), θ ∈ T^2 } . (13)

The splitting distance is defined by S(θ) = I^u(θ, π) − I^s(θ, π), θ ∈ T^2. (14) Of course, if there exists θ_0 ∈ T^2 such that S(θ_0) = 0 then, we have an intersection between W^s(T ) and W^u(T ) (this follows from the energy conservation).

We define the transversality measure at θ_0 by

T (θ_0) = J(S)(θ_0), (15)

where J(S) is the Jacobian matrix of S.

A Taylor’s expension of (15) in μ gives

T (θ_0) = μM (θ_0) + O(μ^2), (16)

where M (θ_0) is called the Melnikov’s quantity.

We have the following lemma :

Lemma 6 Let θ_0 ∈ T^2 such that S(θ_0) = 0 and M (θ_0) ≠ 0, then for μ sufficiently small, and each I^′ ∈ R^2 such that T_I′ ∈ T_{KAM} and | I − I^′ |≤ O(μ^2), we have W^u(T_I ) and W^s(T_I′ ) which intersect transversally in H.

Proof. - We first recall a version of a quantitativ implicit function theorem : Let (x, y) → f(x, y) be a function of class C^1, defined on B^n_a × B^m_b , where B^n_a is a n dimensional ball around x_0 ∈ R^n. Assume that f(x_0, y_0) = 0, and that the Jacobian matrix T^{−1} = ∂f ∂x (x_0, y_0) is invertible, and that

(i) sup |y−y_0|≤b | f(x_0, y) |≤ 1 2 ‖ T ‖^{−1} a, (ii) sup |x−x_0|≤a, |y−y_0|≤b ‖ T^{−1} − ∂f ∂x ‖≤ 1 2 ‖ T ‖^{−1} .

Then, there exists a unique C^1 function x(y) such that x(y_0) = x_0 and f(x(y), y) = 0 for all y ∈ B^m_b .

By construction, we have

S(θ; I, μ) = S(θ; I, 0) + μS_1(θ; I, 0) + ∑ k≥2 μ^kS_k(θ; I, 0), (17)

with S(θ; I, 0) = 0.

By assumptions, we have S(θ_0, I_0) = 0 and ∂S ∂θ (θ_0, I_0) = kμ, for k ∈ R^∗ and μ sufficiently small.

We have sup |I−I_0|≤b | S(θ_0, I) |≤ b. sup_{|I−I0|≤b} | ∂S ∂I (θ_0, I) | . (18)

As, the parametric representation are analytic with respect to I, there exists a constant C_1 ∈ R^+ such that sup |I−I_0|≤b | ∂S ∂I (θ_0, I) |≤ C_1. (19)

We deduce that sup |I−I_0|≤b | S(θ_0, I) |≤ C_1b. (20)

A sufficient condition, in order to satisfy condition ii) of the quantitativ implicit function theorem is then b ≤ kμ 2C_1 a. (21)

One can write condition ii) as sup |θ−θ_0|≤a, |I−I_0|≤b ‖ ( ∂S ∂θ (θ_0, I_0) )_{−1} ‖ . ‖ ∂S ∂θ (θ_0, I_0) − ∂S ∂θ (θ, I) ‖≤ 1 2 , (22)

which is equivalent to ‖ ∂S ∂θ (θ_0, I_0) − ∂S ∂θ (θ, I) ‖≤ 1 2 kμ. (23) We have ∂S ∂θ (θ_0, I_0) − ∂S ∂θ (θ, I) = ∂S ∂θ (θ_0, I_0) − ∂S ∂θ (θ_0, I) + ∂S ∂θ (θ_0, I) − ∂S ∂θ (θ, I). (24) By analyticity of the parametrization of the stable and unstable manifolds, there exists C_2 ∈ R^+, C_3 ∈ R^+ such that sup |θ−θ_0|≤a, |I−I_0|≤b ‖ ∂S ∂θ (θ_0, I_0) − ∂S ∂θ (θ, I) ‖≤ aC_2 + bC_3. (25)

A sufficient condition in order to have condition ii) is then

aC_2 + bC_3 ≤ 1 2 kμ. (26) Using (21), we obtain a ≤ kμ 4C_2

, (27) for μ sufficiently small.

We deduce, that b ≤ k^2μ^2 8C_2

. (28)

This concludes the proof of the lemma. □

Remark : we only nead parametrization of the stable and unstable manifolds of class C^2 in order to apply lemma 6.

Using lemma 6, it is not possible to construct transition chain of lenght independant of μ. Lemma 5 allows us to ensure the existence of hyperbolic KAM tori only if | I − I^′ |= O( √ μ). The connecting neighborhood of each hyperbolic KAM tori is of order O(μ^2) by lemma 6. Then, one can not connect, in general, hyperbolic KAM tori via transversal intersection of there stable and unstable manifold. This is the gaps problem.

B Short transition chains

We first introduce a definition.

Definition 5 A finite family (T_i)_{i=1,...,N} of transition torus such that T_1 (resp. T_N ) is associated to the invariant curve C_{I1} (resp. C_{IN} ). It is called a short transition chain, if for all μ > 0 sufficiently small, we have | I_1 − I_N |= O(μ √ μ). It is always possible to construct short transition chain in an initially hyperbolic Hamiltonian system [31].

We denote by T_I the diophantine hyperbolic torus associated to the invariant curve C_I with a diophantine rotation vector.

Lemma 7 There exists an interval [I_a, I_b] such that every two consecutive diophantine hyperbolic torus, denoted T_{I1} and T_{I2} , are such that | I_1 − I_2 |< kμ^2 for k ∈ R^+.

Proof. - We have L(G) = O( √ μ). Let I_{ai} = I_a + i I_b − I_a N , i = 1, . . ., N , and define N equal intervals

[I_{ai} , I_{ai+1} ]. Assume that G([I_{ai} , I_{ai+1} ]) > kμ^2. As L(G([I_a, I_b])) = O( √ μ), we must have N = O ( 1 μ √ μ ) . Then, if N = O ( 1 μ √ μ ) , there exist i ∈ {1, . . . , N } such that L(G([I_{ai} , I_{ai+1} ])) ≤ kμ^2. □

We then have

Lemma 8 There exists short transition chain for μ > 0 sufficiently small.

Proof. - Let I_i, i = 1, . . . , N , be a finite family of KAM hyeprbolic tori with I_i ∈ [I_a, I_b]. For each tori T_{Ii} , we denote C(I_i) = C_iμ its connecting neighborhood. Let C = min_{i=1,...,N} C_i, by lemma 7, there exists an interval

J ⊂ [a, b] such that two consecutive tori I_i ∈ J, I_{i+1} ∈ J, we have | I_i − i_{i+1} |< Cμ^2. Using lemma 6, this concludes the proof.□

VI CONNECTORS AND HOMOCLINIC TUBE

We define two geometrical objects : connectors and homoclinic tube. Connectors are orbits in R_μ which connect arbitrary small neighborhoods of two consecutive tori. A homoclinic tube is a neighborhood of a homoclinic orbit to a hyperbolic torus. Using connectors and homoclinic tube, we obtain a skeleton which allows us to construct drifting orbits in section VII.

A Connectors 1 Preliminaries

The dynamics on R is given by an integrable Hamiltonian system^1_2 I^2. We denote by S_R a global section of R defined by θ_2 = 0. For μ ≠ 0, S_R is again a global section for R_μ for μ sufficiently small. Lemma 9 The first return map is given by f_R(θ, I) = (θ + ω(I), I) + μr_f (θ, I), (29) where θ ∈ T and I ∈ R with ∂_I (ω) = 1.

The proof follows from lemma 3.

Hyperbolic KAM and non-KAM tori are defined by Lemma 10 Let C be an invariant curve for f_R homotopic to 0, with an irrational rotation number, then C is associated to a hyperbolic torus for μ sufficiently small.

We refer to ( [25], [34]) for a proof.

For μ = 0, we denote by C_{I0} the invariant curve associated to I = I_0 in S_R. Let C be an invariant curve for μ ≠ 0 homotopic to 0, and D_C the domain bounded by C. We then have a natural order on invariant curves. Definition 6 Let C_1 and C_2 be two invariant curves for f_R, homotopic to 0. We say that C_1 < C_2 if C_1 ⊂ D_{C2} .

This order on invariant curves induce the same notion for hyperbolic tori.

Definition 7 Let T_1 and T_2 be two hyperbolic tori associated to invariant curves C_1 and C_2 for f_R. We say that T_1 < T_2 if C_1 < C_2.

We say that T_1 and T_2 are consecutive hyperbolic tori if there are no other hyperbolic tori between T_1 and T_2 for the previous order.

2 Reminder about Birkhoff regions of instability

By lemma 9, the dynamics on R_μ is given by a perturbed twist diffeomorphism. We recall classical results about twist diffeomorphisms, mainly due to Birkhoff [4], Mather [28] and Le Calvez [24].

We denote A = T× R. We consider area preserving diffeomorphism of A, of class C^∞, in a neighborhood of an elliptic fixed point. This diffeomorphism possess in a neighborhood of this fixed point a set of invariants graphs ordered by there rotation numbers. This set is not empty by the KAM theorem. Definition 8 A region of A, bounded by two invariant graphs, which contain no other invariant graphs, is called a Birkhoff region of instability.

The existence of such regions is due to Birkhoff [4].

We denote by C a region bounded by two invariant graphs C^+ and C^−.

Proposition 1 If V^+ and V^− are two neighborhoods of C^+ and C^− respectively, there exists x ∈ V^+ and

n ∈ N such that f^n(x) ∈ V^+.

By applying this proposition iteratively, we obtain ( [28], [24]) : Theorem 3 There exists x ∈ C such that lim_{n→∞} d(f^n(x), C^−) = lim_{n→∞} d(f^n(x), C^+) = 0. (30) For all neighborhood V of C^+, there exists x ∈ V such that lim_{n→∞} d(f^n(x), C^−) = 0.

One can prove also the existence of other structures (Aubry-Mather sets).

3 Connectors and a technical assumption

Let T_1 and T_2 be two consecutive tori and C_1 and C_2 there associated invariant curves. By definition 8, C_1 and C_2 bound a Birkhoff region of instability in S_R. We then deduce from theorem 3 and lemma 9 : Lemma 11 Let T_1 and T_2 be two consecutive tori. We denote by V_1 and V_2 two neighborhoods of T_1 and T_2. There exists an orbit γ of the system such that γ(0) ∈ V_1 and γ(τ ) ∈ V_2.

We call this orbit a connector. We have γ ⊂ R_μ. If γ is isolated in S_R, then, as R_μ is hyperbolic, we deduce that γ is an isolated invariant set in H.

For each T_i, i ∈ N, we denote S^−_{Ii} = {(θ, s, I, u) ∈ T× R × R × R, | s |< λ^{ñIi} , | u |< λ^{ñIi} , I = I_0 − δ}, (31) with λ^{ñI}i > δ > λ^{2ñI}i , and ñ_{Ii} ∈ N, S^+_{Ii} = {(θ, s, I, u) ∈ T× R × R × R, | s |< λ^{ñIi} , | u |< λ^{ñIi} , I = I_0 + δ}. (32) Let T_{Ii} and T_{Ii+1} be two consecutive hyperbolic tori and γ_{i,i+1} the connecting orbit between T_{Ii} and T_{Ii+1} .

We denote by q^+_i (resp. q^−_{i+1}) the intersection of γ_{i,i+1} with S^+_{Ii} (resp. S^−_{Ii+1} ).

We make the following technical assumption :

(iii) For each i ∈ N, μ sufficiently small and ñ_{Ii} sufficiently great, the connexion map is given by C : S^+_{Ii} → S^−_{Ii+1} , x → q^−_{i+1} + C.x + r_c(x; μ), (33)

where x = z − q^+_i , r_c(x; 0) = 0 and r_c(x; μ) = O_2(I, su), and C = Id + μM_i, (34) where M_i is an arbitrary matrix.

This assumption is weak, as it only provides a constraint on C when μ → 0. In fact, we can assume that C → C_0, with C_0 such that C_0 ∘ F_n ∘ Π ∘ F_n′ is hyperbolic for n and n^′ sufficiently great, with Π as in (37) and F_n as in (45). By lemma 15, F_n ∘ Π ∘ F_n′ is hyperbolic. As the set of hyperbolic isomorphism is open and dense in GL(R^n), we conjecture that (34) with C_0 instead of Id, is generic.

B Homoclinic tube

Let T_{Ii} be a hyperbolic torus such that : i) W^s(T_{Ii} ) = W^u(T_{Ii} ) and W^s(T_{Ii} ) ⊂ T_{Ii} if μ = 0.

ii) W^s(T_{Ii} ) and W^u(T_{Ii} ) intersect transversally when μ ≠ 0 with an angle σ of order μ. Let γ be a homoclinic orbit. We denote z = (θ, s, I, u) ∈ T× R × R × R. The homoclinic orbit intersects the section S in p^+ ∈ W^s(T_{Ii} ) and p^− ∈ W^u(T_{Ii} ). We have p^+ = (θ^+ , s^+, 0, 0) and p^− = (θ^−, 0, 0, u^−). We define two neighborhoods of p^+ and p^− such that B^+ = {| θ − θ^+ |≤ μ, | s − s^+ |≤ μ^2, | I |≤ μ^2, | u |≤ μ^2}, B^− = {| θ − θ^− |≤ μ, | s |≤ μ^2, | I |≤ μ^2, | u − u^− |≤ μ^2}. (35) We denote by h the linearized map of Φ along γ. The map h : B^− → B^+ satisfies the following conditions :

(a) h(p^−) = p^+, (b) For p = (θ, 0, I_0, u) ∈ B^−, we have T h(T_pW^u(T )) = T_{h(p)}W^s(T ) for μ = 0.

(c) For p = (θ, s, 0, u), we have h(p) = (θ^′, s^′, 0, u^′) for μ = 0, (d) T h(T_pW^u(T )) and T_{h(p)}W^s(T ) are transversal for μ ≠ 0.

Condition (b) corresponds to the coincidence of W^s(T ) and W^u(T ) when μ = 0. Condition (c) comes from the fact that I is a first integral when μ = 0. Condition (d) is related to the transversality of the intersection between the stable and unstable manifold.

We have the following lemma :

Lemma 12 The map h : B^− → B^+ defined by h(x) = p^+ + Π.x + r_h(x; μ), (36) where x = z − p^−, and Π is a matrix of the form

Π = 1 0 0 0 0 a 0 b σ 0 1 0 0 c 0 d , (37)

in the basis (e_θ, e_s, e_I, e_u), with a, b, c, d ∈ R such that ad−bc = 1, σ ≠ 0 and r_h(x, μ) = O_2(I, su), r_h(x; 0) = 0, satisfies (a),(b),(c) and (d).

We conjecture that the form (37) of Π is generic, up to a change of coordinate system. For our purpose, the following lemma is sufficient :

Lemma 13 Let T be a hyperbolic torus of the Arnold’s model such that W^s(T ) and W^u(T ) intersect transversally when μ ≠ 0. Then, the homoclinic map h is defined as in lemma 12.

We refer to [10] for a proof.

VII SKETCH OF PROOF OF THE THEOREM

Let T_1, . . . , T_N be a finite family of hyperbolic torus. We are going to prove that there exists an open set of orbits along the previous family of hyperbolic tori. The proof is done by induction on the number of tori.

We define the following subsets of S^−_{Ii} and S^+_{Ii} , i = 1, . . . , N : E^−_{Ii} = {(θ, s, I, u) ∈ T× R × R × R, I = I_i − δ, | s |< λ^{n−i} , | u − u^−λ^{n−i} |< λ^{2n−i} }, E^+_{Ii} = {(θ, s, I, u) ∈ T× R × R × R, I = I_i + δ, | s |< λ^{n+}i , | u − u^−λ^{n+}i |< λ^{2n+}i }, (38)

The idea is the following : choose n^−_i , n^+_i such that the map defined by Ψ = Ψ_N ∘ . . . ∘ Ψ_1 from E^−_{I1} to E^+_{IN} , where Ψ_i = C ∘ f^{n+}i ∘ h ∘ f^{n−}i , is defined on an open set and is hyperbolic. Then, via the classical shadowing lemma, we deduce the existence of orbits which connect a neighborhood of T_1 and T_N .

Hyperbolicity follows from the transversality-torsion phenomenon (see [9]). The rest follows by construction. We denote ñ = max i=1,...,N ñ_{Ii} . (39) It is always possible to choose n^+_i = ñ, (40) in our construction. The main problem is to precise the value of n^−_i recursively.

We have

Theorem 4 If n^−_i = (i − 1)ñ + n^−_0 , with n^−_0 sufficiently great, then there exists an open set V ⊂ E^−_{I1} such that Ψ(V ) ⊂ E^+_{IN} and Ψ is hyperbolic.

This theorem is not completely constructive as n^−_0 is not precised. We give a lower bound for the choice of n^−_0 .

We first recall the property of ergodization for irrational rotation flow : Let R_ν : θ → θ + ν be a linear rotation of the circle of frequency ν. It is well-known that when ν is irrational, the orbits of R_ν are transitive (they fill all the circle densely). Let θ_0 ∈ S^1, and ν irrational, then following S. Dumas [12], the denseness of ⋃ n∈N (θ_0 + nν) implies an “ergodisation” result; i-e. given R > 0, there exists a N > 0, such that no point in

S^1 is more than R-distant from any orbit ⋃ 0≤n≤N (θ_0 + nν). The property of ergodizing the torus to within R after time N is independant of initial condition.

Let N_i be the ergodization time to within μ for each torus T_i, i = 1, . . ., N . Then, we must take n^−_0 such that n^−_0 > max_{1≤i≤N} N_i. (41) This number can be very big, as we have Liouville rotation numbers (if ν is diophantine (11), then the ergodization time is given by γR^{−τ} and is optimal [5]).

Of course theorem 4 implies our main result. We first prove several technical lemmas. Lemma 14 For z ∈ E^−_{Ii} , we have f^{n−i} (z) ∈ B^−_{Ii} .

Proof. - We first look for f^n_l (z) where f_l(z) = (θ + ν + ωI, λs, I, λ^{−1}u). We have f^n_l (z) = (θ + nν + nωI, λ^ns, I, λ^{−n}u). we denote z̃ = f^n_l (z). By definition of E^−_{Ii} , we obtain θ̃ = θ + nν + nωI_i + nωδ, s̃ = λ^{2n}, Ĩ = I_i − δ, | ũ − u^− |< λ^n. (42) As r(θ, s, I, u) = O_2(I, su), we deduce that ‖ r ‖≤ λ^{2n}. (43) As ν is irrational, for n^−_i sufficiently great, we have | θ̃ − θ^− |< μ 2 (*). From (*) and (42), we deduce that | θ − θ^− |< μ. Then, using (**), (42) and (43), we obtain f^{n−}i (z) ∈ B^−_{Ii} . □

We denote f^n(z) = (nν, 0, 0, 0) + F_n.z + r_n(z), (44) where

F_n =

1 0 nω 0 0 λ^n 0 0 0 0 1 0 0 0 0 λ^{−n} . (45)

We have Lemma 15 Let g : E^−_{Ii} → B^+_{Ii} defined by g = h ∘ f^n, we write g(x) = p^+ + G.x + r_g(x; μ), (46) with r_g(x; μ) = O_2(I, su) and

G = 1 0 nω 0 0 aλ^n 0 bλ^{−n} σ 0 σnω + 1 0 0 cλ^n 0 dλ^{−n} . (47)

The map g is hyperbolic.

Proof. - The matrix G is defined by G = Π ∘ F_n. The caracteristic polynomial of G is given by

P (x) = (x^2 − x(2nω + 2) + 1)(x^2 − xa(n) + 1), (48)

with a(n) = aλ^n + dλ^{−n}.

We first study the second factor of this polynomial. The eigenvalues are given by

x_± = a(n) 2 (1 ± √ 1 − 4 a(n)^2

). (49)

For n sufficiently great, we have

x_± = dλ^{−n} 2 (1 ± (1 + 2 a(n)^2

)), (50)

so that we have hyperbolic directions, whose Lyapounov exponents are (up to negligeable factors), x_+ ∼ dλ^{−n} and x_− ∼ d^{−1}λ^n.

For the first factor, the eigenvalues are given by

x_± = 1 + σnω 2 ± 1 2 (σ^2(nω)^2 + 4σnω)^{12} . (51)

As σ ≠ 0 and ω ≠ 0 then, x_± ≠ ±1. This concludes the proof of the lemma. □

We see that for σ = 0 we have x_± = 1. Moreover, if ω = 0, we have also x_± = 1. The constant ω comes from the torsion of the flow on the torus, and σ comes from the transversality of the intersection betwwen the stable and unstable manifold of the torus. This justify the terminology of transversality-torsion phenomenon.

We make the following conjecture : Let T be a hyperbolic torus whose flow is ergodic with non degenerate torsion, and its stable and unstable manifold intersect transversally, then there exists a hyperbolic invariant set B near T , and the dynamics on B is conjugated to a Bernouilli shift.

We define the following subset of B^+_{Ii} : B̃^+_{Ii} = {(θ, s, I, u) ∈ T× R × R × R, | u − u^−λ^{n+}i |< λ^{2n+}i }. (52)

Lemma 16 If n^+_i > n^−_i 2 + 1 2 log 2 log λ^{−1}

, then for z ∈ B^+_{Ii} , we have f^{n+i} (z) ∈ E^+_{Ii} .

Then, we have the following lemma :

Lemma 17 Let n^−_{i+1} = n^−_i + ñ, then Ψ_i : E^−_{Ii} → E^+_{Ii+1} is hyperbolic and there exists an open set V_i ⊂ E^−_{Ii} such that Ψ_i(V_i) ⊂ E^+_{Ii+1} .

The size of the drift set decreases exponentially fast with the number of tori. Moreover, if ñ = 1 log λ log ( 1 μ ) , then it decreases also exponentially fast in μ.

Remark. - The time of instability n_u is then given by n_u =

N (N + 3) 2 ñ + N n^−_0 . If all the tori are KAM-hyperbolic, then one can choose n^−_0 = ñ. In the initially hyperbolic Arnold’s example, we have ñ = 1 log λ log ( 1 μ ) . Then, the time of instability is proportional to the splitting (Melnikov quantity) times a constant depending on the number of tori.

The proof of theorem 4 follows from lemma 17 by induction. □

VIII ABOUT THE ASYMPTOTIC INSTABILITY CONJECTURE

All our approach extend to near integrable Hamiltonian systems. Let Λ = k_0Z be a sub lattice of Z^n generated by k_0 ∈ Z^n_K , where K > 0 and Z^n_K = {k ∈ Z^{n+1}, | k |≤ K}. (53) Let α > 0, a subset D ⊂ R^n is said to be α, K-nonresonant modulo Λ, if at every point I ∈ D, | k.ω(I) |≤ α for all k ∈ Z^n_K \ Λ.

In the vincinity of D the perturbed Hamiltonian (1) can be put into a Λ-resonant normal form h(I)+g(I, θ)+ f_∗(I, θ) where g(I, θ) = ∑ k∈Λ g_k(I)e^{ik.θ}, (54)

contains only Λ-resonant terms, while f_∗ is a general term.

By mean of a unimodular transformation in the phase space, we can always assume that Λ is generated by the first vector of the basis in the frequency space.

There exists an analytic canonical coordinate systems ( [36], [6], [16], [33]) such that the Hamiltonian takes the form H_{ϵ,μ}(I, θ) = h(I) + ϵg(I, θ_1) + ϵμf_∗(I, θ), (55) where μ = e^{−Ks/6} and s depends on the domains of analyticity of h in the angle variables.

Under generic non degeneracy conditions ( [36], assumption 3, p.203 and comments below), for fixed I and ϵ, g is a one degree of freedom Hamiltonian system whose phase portrait is qualitatively that of a simple pendulum. In particular, it has hyperbolic equilibria connected by homoclinic orbits.

We can then defined a hyperbolic set associated to a simple resonance as in section IV, called simple resonance manifold. The study of the geometry and dynamics of this set follows as in section IV. Then, all our approach, based on transversal homoclinic hyperbolic tori and connectors generalizes when n = 3.

As μ depends on K, we will have to construct, for a given ϵ, a set R_1(ϵ) (see section II C) which corresponds

to simple resonances with K > c(ϵ) where c is a suitable function of ϵ (like c(ϵ) = 1 ϵ^{2n} . This approach is connected with the classical proof of the Nekhoroshev theorem ( [32], [35]), which asserts that | I(t) − I(0) |< ϵ^a for | t |< ( 1 ϵ ) e^{1ϵb} . If h is convex then one can take a = b = 1/2n ( [35], [23]).

For n ≥ 4, connectors must be constructed via a controled Arnold diffusion on the simple resonance manifold. Then, via a simple induction on the number of degrees of freedom, one can proved that there exists orbits of instability along the set R_1(ϵ), for all 0 < ϵ < ϵ_0 sufficiently small.

In order to prove completely the asymptotic instability conjecture, we needs to understand the dynamics in the vincinity of double resonances [2]. In particular, we must be able to construct orbits which drift from a given simple resonance to another. We refer to ( [10], appendix A) for a first example and to [27] for a first step toward this problem.

Via this last remark, our approach coupled with the dynamics in the neighborhood of a double resonance provides a general scheme to prove the asymptotic instability conjecture. A detailed description of this scheme will appear in a subsequent paper [11].

REFERENCES

1. V.M. Alekseev, Quasirandom dynamical systems, Math. USSR. Sbornik. 5, (1968), 73-128. 2. V.I. Arnold, Mathematical problems in classical physics, in Trends and perspective in Applied Mathematics, Appl.

Math. Sc. Series. 100, (1992), Springer-Verlag

3. V.I. Arnol’d, Instability of dynamical systems with many degrees of freedom, Dokl. Akad. Nauk. USSR, 156, (1964), 9-11 4. G.D. Birkhoff, Collected Math. Papers of G.D. Birkhoff, Vol. 2, (1935).

5. J. Bourgain, F. Golse, B. Wennberg, The ergodization time for linear flows on tori : application to kinetic theory, Comm. Math. Phys. (1996).

6. L. Chierchia, G. Gallavotti, Drift and diffusion in phase space, Ann. Inst. Henri Poincaré 60 (1), 1-144, (1996). 7. J. Cresson, A λ-lemma for partially hyperbolic tori and the obstruction property, Letters in Math. Phys. 42, 363-377, (1997) 8. J. Cresson, The transfer lemma and the transitivity problem, prépublication 98/08 de l’équipe de Mathématique de Besançon, 20.p, (1998) 9. J. Cresson, Symbolic dynamics and Arnold’s diffusion, prépublication 98/35 de l’équipe de Mathématique de Besançon, 56.p, (1998) 10. J. Cresson, Propriétés d’instabilité des systèmes hamiltoniens proches de systèmes intégrables, Thesis, Observatoire de Paris, 188.p, (1997) 11. J. Cresson, Topological instability of nearly integrable Hamiltonian systems, in preparation. 12. S. Dumas, Ergodization rates for linear flows on the torus, J. Dynamics and Diff. Equ. 3, (1991), 593-610. 13. R. Douady, Stabilité ou instabilité des points fixes elliptiques, Ann. Sci. Ec. Norm. Sup. 21, (1988), 1-46. 14. R. W. Easton, Isolating blocks and symbolic dynamics, J. Diff. Equ. 17, (1975), 96-118. 15. R. W. Easton, Orbit structure near trajectories biasymptotic to invariant tori, in “Classical mechanics and dynamical systems3, R. Devaney, Z. Nitecki Ed. Marcel Dekker, (1981), 55-67.

16. H. Eliasson, Biasymptotic solutions of perturbed integrable Hamiltonian systems, Bol. Soc. Bras. Math., Vol. 25, 1, (1994).

17. S. Graff, On the conservation of hyperbolic invariant tori for Hamiltonian systems, J. Diff. Eq. 15, (1974), 1-69. 18. M. R. Herman, Sur la conjugaison différentiable des difféomorphismes du cercle à des rotations, Publ. I.H.E.S, 49, (1979), 5-234.

19. M. R. Herman, On the dynamics on Lagrangian tori invariant by symplectic diffeomorphisms, in Progress in variational methods etc. 92-112, Longman Sci. Tech., Harlow, 1992.

20. M. R. Herman, Dynamics connected with indefinite torsion, Coll. Twist mappings and their applications, 153-182, IMA Vol. Math. Appl., 44, (1992).

21. M. R. Herman, Inégalités a priori pour des tores Lagrangiens invariants par des difféomorphismes symplectiques, Publ. Math. IHES 70 (1989), 47-101.

22. W. Hirsh, C. Pugh, M. Shub, Invariant manifolds, Springer Lecture Notes in Mathematics, 583, Springer-Verlag, (1977).

23. P. Lochak, Canonical perturbation theory via simultaneous approximation, Russian Math. Surveys 47 (1992), 57-133.

24. P. Le Calvez, Propriétés dynamiques des difféomorphismes de l’anneau et du tore, Astérisque 204, (1991). 25. P. Lochak, J-P. Marco, D. Sauzin, On the splitting of the invariant manifolds in multidimensional near-integrable Hamiltonian systems, manuscript, (1999).

26. J-P. Marco, Transition le long des chaînes de tores invariants pour les systèmes hamiltoniens analytiques, Ann.

Inst. H. Poincaré, Phys. Théor. 64 (2), (1996), 205-252.

27. J-P. Marco, Dynamics in the vincinity of doubles resonances, Proceedings of the 4th Catalan days of Applied Math., C. Garcia and al. eds, (1998).

28. J. Mather, Variational construction of connecting orbits, J. AMS 4 (1991), 207-263. 29. J. Mather, Destruction of invariant circles, Erg. Th. Dyn. Syst. 8^∗ (1988), 199-214.

30. J. Mather, Action minimizing invariant measures for positive definite Lagrangian systems, Math. Z. 207, (1991), 169-207.

31. R. Moechel, Transition tori in the five body problem, J. Diff. Equ. 129 (1996), 290-314. 32. N. Nekhoroshev, An exponential estimate for the time of stability of nearly integrable Hamiltonian systems, Russian Math. Surveys 32, (1977), 1-65.

33. L. Niederman, Dynamics around a chain of simple resonant tori in nearly integrable Hamiltonian systems, to appear in J. Diff. Equ. (1999).

34. P. Perfetti, Fixed point theorems in the Arnold’s model about instability of the action-variables in phase space, Discrete and Continuous dynamical systems, Vol. 4, number 2, (1998), p. 379-391.

35. J. Poschel, Nekhoroshev estimates for quasi-convex Hamiltonian systems, Math. Z. 213 (1993), 187-216. 36. M. Rudnev, S. Wiggins, KAM theory near multiplicity one resonant surfaces in perturbation of a-priori stable Hamiltonian systems, Journal of Nonlinear Science, 7(2), (1997), 177-209.

37. D. Sauzin, A new method for measuring the splitting of invariant manifolds, prépublication du B.D.L, (1999). 38. D. Treshchev, The mechanism of destruction of resonance tori of Hamiltonian systems, Russ. J. Math. Phys. 2, 1, (1994).

39. J-C. Yoccoz, Introduction to hyperbolic dynamics, D. Braner, P. Hjorth eds., Real and complex dynamical systems, (1995), 265-291.

40. J-C. Yoccoz, Il n’y a pas de contre-exemple de Denjoy analytique, C. R. Acad. Sc. Paris, t. 298, Série I, 7, (1984), 141-144.

41. Z. Xia, Arnold diffusion : a variational construction, Documenta mathematica, extra volume ICM 1998, II, (1998), 867-877.